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• Beyond DFT
• The need to go beyond DFT
• HF/DFT hybrid functionals
• The Random-Phase-Approximation

• ! "# implementation of the RPA
• Cubic-scaling RPA total energies
• Minimax frequency and time integration
• Cubic-scaling RPA quasi-particles

• Forces in the RPA



• Total energy differences with
”chemical accuracy”
(1 kcal/mol ≈ 40 meV/atom):
Atomization-, formation energies,
reaction barriers, etc

• Van der Waals interactions

0.5 1 2 4 8 16
Experiment (eV)

0.25

0.5

1

2

4

8

16

T
he

or
y 

(e
V

)

PBE
HSE03
PBE0

PbSe
PbS

PbTe Si

GaAs

Ne

AlP

CdS

SiC

ZnO

GaN
ZnS

LiF
Ar

C BN MgO

Figure 8. Band gaps from PBE, PBE0, and HSE03 calculations,
plotted against data from experiment.

Need to go beyond DFT and DFT/HF hybrids?
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Figure 7. Relative error in the PBE, PBE0, HSE03, and B3LYP
heats of formation with respect to experiment.

BandgapsHeats of formation

• Bandstructure of metals and largish gap
systems, and some problematic cases
inbetween



CO@Cu(111): �170 meV
CO@Rh(111): �40 meV
CO@Pt(111): �100 meV

• DFT incorrectly predicts that CO prefers the
hollow site: P. Feibelman et al.,
J. Phys. Chem. B 105, 4018 (2001)

• This error is relatively large.
Best DFT/PBE calculations:

CO adsorption on d-metal surfaces

• CO HOMO-LUMO gap too small in DFT:



CO @ top fcc hcp �
Cu(111) PBE 0.709 0.874 0.862 �0.165

PBE0 0.606 0.579 0.565 0.027
HSE03 0.561 0.555 0.535 0.006
exp. 0.46-0.52

Rh(111) PBE 1.870 1.906 1.969 �0.099
PBE0 2.109 2.024 2.104 0.005
HSE03 2.012 1.913 1.996 0.016
exp. 1.43-1.65

Pt(111) PBE 1.659 1.816 1.750 �0.157
PBE0 1.941 1.997 1.944 �0.056
HSE03 1.793 1.862 1.808 �0.069
exp. 1.43-1.71

A. Stroppa et al., PRB 76, 195440 (2007); A. Stroppa and G. Kresse, NJP 10, 063020 (2008).

CO adsorption on d-metal surfaces

(All energies in eV)



Schimka et al., Nature Materials 9, 741 (2010)

• DFT does well for the metallic
surface, but not for the CO:
2"∗ (LUMO) too close to the
Fermi level.

• HSE does well for the CO,
but not for the surface:
d-metal bandwidth too large.

Hybrid functionals reduce the tendency to stabilize adsorption at the
hollow site w.r.t. the top site.

reduced CO 2π* ⎯ metal-d interaction



The Random-Phase-Approximation: GW and ACFDT

• Quasiparticles from GW: “electronic structure” in the RPA.

• Total energies from the ACFDT in the RPA.

• Are the above related?



DFT: Kohn-Sham eq.

DFT-HF hybrid functionals: Roothaan eq.

GW: quasi-particle eq.

One-electron/QP picture
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The quasi-particle equation:

⌃ = iGWThe “self-energy is given by:

or more explicitly
Green’s function: G

screened Coulomb
interaction: W

Compare to Fock-exchange:
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The Green’s function !(#, #′, & − &′) describes the propagation of a particle
from (#, &) to #′, &′ : i.e., provided we have particle at position r at time t,
!(#, #′, & − &′) is the chance of finding it at position r’ at time t’. 
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n
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(r1, t1) = 1 (r2, t2) = 2

(r2, t2) = 2 (r1, t1) = 1

• Particle propagator: !* 1,2 = !*(#., #/, &/−&.) for &/ > &.:

• Hole propagator: !* 1,2 for &. > &/:

The Green’s function: physical interpretation



W = ⌫ + ⌫�0⌫ + ⌫�0⌫�0⌫ + ⌫�0⌫�0⌫�0⌫ + ... = ⌫ (1� �0⌫)
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In the RPA, the screened Coulomb interaction is computed from !" as:

1. The bare Coulomb
interaction between
two particles

2. The electronic environment
reacts to the field generated
by a particle: induced change
in the density !"#, that gives
rise to a change in the Hartree
potential: #!"#.

3. The electrons react
to the induced change in
the potential: additional
change in the density, !"#!"#,
and corresponding change in
the Hartree potential: #!"#!"#.

and so on,
and so on …

geometrical
series

W in the Random-Phase-Approximation

Key: the “irreducible polarizability in the independent particle picture” !" (or !%&):
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@⇢ind(r,!)

@ve↵(r0,!)
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The “irreducible polarizability in the independent particle picture” !" (or !#$):

Adler and Wiser derived expressions for !"

�0(r1, t1, r2, t2) = �(1, 2) = �G0(1, 2)G0(2, 1)

Or in terms of Green’s functions (propagators):
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The IP-polarizability: !"



=+ + + + …

GW in the RPA
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The “RPA” total energy is given by:

with the RPA correlation energy

Ec =
X

q

Z 1

0

d!

2⇡
Tr{ln[1� �0(q, i!)⌫] + �0(q, i!)⌫}

�0
G,G0(q,!) =

1

⌦

X

nn0k

2wk(fn0k+q � fn0k)

⇥ h n0k+q|ei(q+G)r| nkih nk|e�i(q+G0)r0 | n0k+qi
✏n0k+q � ✏nk � ! � i⌘

and the Independent-Particle polarizability: 

ln(1 − &'()+&'( = − Tr[&'(&'(]
2 − Tr[&'(&'(&'(]

3 − Tr[&'(&'(&'(&'(]
4

�0(r, r0,!) :=
@⇢ind(r,!)

@ve↵(r0,!)

RPA total energies (ACFDT)

…



+ + + …=

2nd. order 3rd. order 4th. order

ln(1 − )*+)+)*+ = −Tr[)*+)*+]2 − Tr[)*+)*+)*+]3 − Tr[)*+)*+)*+)*+]4

In terms of diagrams

+ + + …

The derivate w.r.t. G
yields GW!

@Ec

@G
= ⌃
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Deviations w.r.t. experiment
(corrected for zero-point vibrations)

MRE MARE
PBE 1.2 1.2
HF 1.1 1.1
MP2 0.2 0.4

RPA 0.5 0.4

(in %)

RPA: lattice constants
J. Harl et al., PRB 81, 115126 (2010)
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LDA
PBE
ACFDT
MP2

Argon

C6 coe�cients

RPA(LDA) RPA(PBE) Exp.

Ne 62 53 47

Ar 512 484 455

Kr 1030 980 895

RPA: noble gas solids
J. Harl and G. Kresse, PRB 77, 045136 (2008)



QMC
(Galli)

RPA EXP

d(Å) 3.426 3.34 3.34

C33 36 36-40

E(meV) 56 48 43-50 

1/d4 behavior at short distances

J. Harl, G. Kresse, 
PRL 103, 056401  (2009).
S. Lebeque, et al., 
PRL 105, 196401 (2010).

Graphite vs. Diamond



PBE Hartree-
Fock

RPA EXP

LiF 570 664 609 621
NaF 522 607 567 576
NaCl 355 433 405 413
MgO 516 587 577 603
MgH2 52 113 72 78
AlN 262 350 291 321
SiC 51 69 64 69

Example: Mg(bulk metal) + H2→ MgH2

Heats of formation w.r.t. normal state at ambient conditions (in kJ/mol)

RPA: heats of formation
J. Harl and G. Kresse, PRL 103, 056401 (2009)



RPA:
• increases surface energy

and
• decreases adsorption energy

RPA: CO @ Pt(111) and Rh(111)
Schimka et al., Nature Materials 9, 741 (2010)



Schimka et al., Nature Materials 9, 741 (2010)

• DFT does well for the metallic
surface, but not for the CO:
2"∗ (LUMO) too close to the
Fermi level.

• HSE does well for the CO,
but not for the surface:
d-metal bandwith too large.

• GW gives a good description
of both the metallic surface
as well as of the CO 2"∗ (LUMO).
The CO 5% and 1" are slightly
underbound.



Schimka et al., Nature Materials 9, 741 (2010)

RPA:

• Right site preference

• Good adsorption energies

• Excellent lattice constants

• Good surface energies



Cubic scaling RPA
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As shown by Adler and Wiser, the IP polarizability !" can be straightforwardly
calculated from #, % :

Expensive: this scales as N4!



Now the worst scaling steps are the evaluation of the Greens function (N3), and

(which scales as N3 due to the diagonalization involved in evaluating the “ln”).

Evaluate the Green's function in “imaginary” time:

and the polarizability as:

Followed by a cosine-transform:

But storing G and χ is expensive! → we need small sets of cleverly chosen “τ” and “ω”

Cubic-scaling RPA
M. Kaltak, J. Klimeš, and G. Kresse, PRB 90, 054115 (2014)
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The evaluation of the polarizability scales quadratically (N2)!



The “minimax” fit
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Express a function ! " in a basis of N functions # $%, " ' = 1, … , + ,
such that the error:

is “as small as possible”.

Choose $%, ,% ' = 1, … , + so that the maximum error:

is minimized.

This solution, $%∗, ,%∗ ' = 1, … , + , is the so-called ”minimax” solution



The “minimax” frequency grid
M. Kaltak, J. Klimeš, and G. Kresse, JCTC 10, 2498 (2014)
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The IP polarizability can be written as (Adler&Wiser):

where

Determine a frequency grid and quadrature weights by expressing the
“2nd-order direct Møller-Plesset energy”

in the basis ! "#, % & = 1,… , * in the minimax sense:
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The “minimax” time grid
M. Kaltak, J. Klimeš, and G. Kresse, JCTC 10, 2498 (2014)
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Alternatively the IP polarizability can be written as:

where

Determine a frequency grid and quadrature weights by expressing the
“2nd-order direct Møller-Plesset energy”

in the basis !" #$, & ' = 1, … , + in the minimax sense:
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The non-uniform cosine transform
M. Kaltak, J. Klimeš, and G. Kresse, JCTC 10, 2498 (2014)
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The cosine transform of ! "# ↔! "% :

is reformulated on the minimax frequency and time grids as

where the coefficients '() are the minimax solution to the following fitting problem:

minimax fit

for fixed #(∗ and %(∗ , and for +, ≤ . ≤ max 23 − 25 .



How good are the grids: ZnO and Si

• N4 RPA calculations entirely in frequency 
§ N2 calculation of polarizability in time, then transformation to frequency

(200 atoms on 200 cores in about one hour)

M. Kaltak, J. Klimeš, and G. Kresse, JCTC 10, 2498 (2014); PRB 90, 054115 (2014).



Si defect calculations: 64-216 atoms

New RPA code (VASP6):

• Scales linearly in the number
of k-points (as DFT), instead of
quadratically as for conventional
RPA and hybrid functionals

• Scales cubically in system size 
(as DFT).

Prefactors are much larger than in DFT, 
but calculations for 200 atoms take less
than 1 hour (128 cores)

Scaling



PBE HSE HSE(+vdW) QMC RPA

Dumbbell X 3.56 4.43 4.41 4.4(1) 4.28

Hollow H 3.62 4.49 4.40 4.7(1) 4.44

Tetragonal T 3.79 4.74 4.51 5.1(1) 4.93

Vacancy 3.65 4.19 4.38 4.40

pictures and HSE+vdW:

Gao and Tkatchenko,

PRL 111, 045501 (2013).

QMC:

Parker, Wilkins, and Hennig, 

Phys. Status Solidi B 248, 267 (2011).

Defect formation energies in Si



RPA total energy calculation: flow chart

DFT
groundstate

HF
energy

DFT
virtual orbitals

RPA
energy

EDIFF = 1E-8
ISMEAR = 0 ; SIGMA = 0.1  

NBANDS = ⩽ maximum # of plane waves
ALGO = Exact ; NELM = 1
ISMEAR = 0 ; SIGMA = 0.1 
LOPTICS = .TRUE.    [ ; LPEAD = .TRUE. ]

ALGO = Eigenval ; NELM = 1
LWAVE = .FALSE.
LHFCALC = .TRUE. ; AEXX= 1.0
ISMEAR = 0 ; SIGMA = 0.1 

NBANDS = ⩽ maximum # of plane waves
ALGO = RPAR | ACFDTR
NOMEGA = 12-16
[ PRECFOCK = Normal ]



… or all in one go!

RPA
energy

EDIFF = 1E-8
ISMEAR = 0 ; SIGMA = 0.1
LOPTICS = .TRUE. ; LPEAD = .TRUE.

ALGO = RPAR | ACFDTR
NOMEGA = 12-16

[ PRECFOCK = Normal ]

[ NBANDSEXACT = # of bands in G ]

When one does not specify NBANDS, VASP wil run all consecutive steps in one go:

In this case the number of bands used to compute the Greens function is specified
by means of the NBANDSEXACT tag (optional).



An example: SiC

KPOINTS:

Automatically generated mesh
0

Gamma
3 3 3
0 0 0

POSCAR:

SiC
4.35
0.5 0.5 0.0
0.0 0.5 0.5
0.5 0.0 0.5
1 1
cart
0.00 0.00 0.00
0.25 0.25 0.25

INCAR:

ALGO = ACFDTR
NOMEGA = 16
NBANDSEXACT = 120
PRECFOCK = NORMAL

LOPTICS = .TRUE. ; LPEAD = .TRUE.

ISMEAR = 0 ; SIGMA = 0.05
EDIFF = 1E-8

LWAVE = .FALSE.



The GW potentials: *_GW POTCAR files



stdout

running 8 mpi-ranks, with 1 threads/rank
distrk: each k-point on 8 cores, 1 groups
distr: one band on 1 cores, 8 groups
using from now: INCAR
vasp.6.1.2 22Jul20 (build Jul 22 2020 23:58:52) complex 

POSCAR found : 2 types and 2 ions
scaLAPACK will be used
LDA part: xc-table for Pade appr. of Perdew
POSCAR, INCAR and KPOINTS ok, starting setup
FFT: planning ...
WAVECAR not read

N E dE d eps ncg rms rms(c)
DAV: 1 -0.807695689957E+00 -0.80770E+00 -0.25358E+03 80 0.517E+02
DAV: 2 -0.160589369121E+02 -0.15251E+02 -0.12187E+02 80 0.986E+01
DAV: 3 -0.166458202722E+02 -0.58688E+00 -0.58688E+00 96 0.179E+01
DAV: 4 -0.166475623089E+02 -0.17420E-02 -0.17420E-02 64 0.947E-01
DAV: 5 -0.166475838631E+02 -0.21554E-04 -0.21554E-04 104 0.120E-01 0.992E+00
DAV: 6 -0.146217932388E+02 0.20258E+01 -0.80384E+00 96 0.241E+01 0.883E+00
DAV: 7 -0.145343752600E+02 0.87418E-01 -0.37382E-01 88 0.483E+00 0.577E+00
DAV: 8 -0.145238445286E+02 0.10531E-01 -0.25946E-02 80 0.163E+00 0.429E-01
DAV: 9 -0.145238173443E+02 0.27184E-04 -0.60800E-04 96 0.212E-01 0.972E-02
DAV: 10 -0.145240248823E+02 -0.20754E-03 -0.27113E-04 88 0.148E-01 0.118E-02
DAV: 11 -0.145240278179E+02 -0.29356E-05 -0.22309E-05 96 0.467E-02 0.104E-02
DAV: 12 -0.145240279045E+02 -0.86635E-07 -0.18940E-06 80 0.143E-02 0.134E-03
DAV: 13 -0.145240279035E+02 0.10211E-08 -0.32364E-08 88 0.170E-03

The Fermi energy was updated, please check that it is located mid-gap
values below the HOMO (VB) or above the LUMO (CB) will cause erroneous energies
E-fermi : 9.6656
optical routines
imaginary and real dielectric function
direction 1
direction 2
direction 3

“DFT groundstate
calculation”

“Exact diagonalization
and LOPTICS step”



stdout (cont.): set up “minimax” grids

responsefunction array rank= 120

NTAUPAR set to 8 based on available memory per rank (MAXMEM= 2710 MB)

set NWRITE>2 for more details about minimax calculation
number of imaginary grid points requested: 16
number of distinct grids requested: 4
quadrature errors minimized for energies in [ 0.250E+01, 0.186E+03 ]
time grid (T=0) determined with error: 0.6315E-12
fermionic grid (T=0, re) determined with error: 0.1995E-11
bosonic grid (T=0, re) determined with error: 0.1995E-11
fermionic grid (T=0, im) determined with error: 0.2003E-11
bosonic grid (re): 0.1995E-11

0.3979 1.2370 2.2122 3.4344 5.0481
7.2506 10.3202 14.6578 20.8519 29.7850

42.8243 62.2141 92.0388 141.1698 235.3471
502.7281

fermionic grid (re): 0.1995E-11
0.3979 1.2370 2.2122 3.4344 5.0481
7.2506 10.3202 14.6578 20.8519 29.7850

42.8243 62.2141 92.0388 141.1698 235.3471
502.7281

fermionic grid (im): 0.2003E-11
0.8065 1.7011 2.7842 4.1811 6.0600
8.6543 12.2972 17.4731 24.9000 35.6703

51.5185 75.4212 113.2309 179.3773 325.9188
1022.1852

time grid: 0.6315E-12
0.0009 0.0048 0.0121 0.0234 0.0398
0.0628 0.0950 0.1402 0.2039 0.2934
0.4195 0.5973 0.8486 1.2074 1.7333
2.5647

“frequency”

“time”

NTAUPAR is set automatically
based on the available memory:
either set manually by means of
the MAXMEM-tag, or read from
/proc/meminfo (MemAvailable)



stdout (cont.): distribution over ⍵ and "
Distributing 16 bosonic points into 8 group(s)
Group: 1 has 1 cores and 2 bosonic point(s)
Group: 2 has 1 cores and 2 bosonic point(s)
Group: 3 has 1 cores and 2 bosonic point(s)
Group: 4 has 1 cores and 2 bosonic point(s)
Group: 5 has 1 cores and 2 bosonic point(s)
Group: 6 has 1 cores and 2 bosonic point(s)
Group: 7 has 1 cores and 2 bosonic point(s)
Group: 8 has 1 cores and 2 bosonic point(s)

Distributing 16 fermionic points into 8 group(s)
Group: 1 has 1 cores and 2 fermionic point(s)
Group: 2 has 1 cores and 2 fermionic point(s)
Group: 3 has 1 cores and 2 fermionic point(s)
Group: 4 has 1 cores and 2 fermionic point(s)
Group: 5 has 1 cores and 2 fermionic point(s)
Group: 6 has 1 cores and 2 fermionic point(s)
Group: 7 has 1 cores and 2 fermionic point(s)
Group: 8 has 1 cores and 2 fermionic point(s)

Distributing 16 time points into 8 group(s)
Group: 1 has 1 cores and 2 time point(s)
Group: 2 has 1 cores and 2 time point(s)
Group: 3 has 1 cores and 2 time point(s)
Group: 4 has 1 cores and 2 time point(s)
Group: 5 has 1 cores and 2 time point(s)
Group: 6 has 1 cores and 2 time point(s)
Group: 7 has 1 cores and 2 time point(s)
Group: 8 has 1 cores and 2 time point(s)

min. memory requirement per mpi rank 448.9 MB, per node 3591.2 MB

NOMEGAPAR = 8

NTAUPAR = 8

(Here running on 8 MPI-ranks)

Performance-wise it is optimal to have NTAUPAR = NOMEGAPAR = NOMEGA.
Prerequisite: there has to be enough memory for NTAUPAR = NOMEGA,
and the number of MPI-ranks must be a multiple of NOMEGA.



OUTCAR: plane wave basis set limit

cutoff energy smooth cutoff RPA correlation Hartree contr. to MP2
---------------------------------------------------------------------------------

182.607 146.086 -11.6224735165 -18.3767216933
173.912 139.129 -11.5729431431 -18.3208811769
165.630 132.504 -11.5167771988 -18.2570942952
157.743 126.194 -11.4562166727 -18.1878044293
150.232 120.185 -11.3922444110 -18.1141897888
143.078 114.462 -11.3188094759 -18.0290907645
136.264 109.012 -11.2261996896 -17.9208940815
129.776 103.821 -11.1299318178 -17.8073101088

linear regression
converged value -12.3629185205 -19.2342034424

ENCUTGW (= 2/3 ENCUT) ENCUTGWSOFT (= 0.8 ENCUTGW)

“Extrapolated to infinite basis set limit”: Ec(G) = Ec(1) +
A

G3

<latexit sha1_base64="rIrLwMqjMYnjy2pJgX2nnSpa9Y0="></latexit>

Convergence tests:
• Investigate convergence w.r.t. ENCUT (not ENCUTGW or ENCUTGWSOFT).
• If possible converge energy differences not absolute correlation energies.



OUTCAR: RPA total energy

HF energy using frozen KS orbitals
Free energy of the ion-electron system (eV)
---------------------------------------------------
alpha Z PSCENC = 10.57645478
Ewald energy TEWEN = -285.31033112
-Hartree energ DENC = -32.94127495
-exchange EXHF = 74.67798493
-V(xc)+E(xc) XCENC = 0.00000000
PAW double counting = 1473.50548166 -1473.60386908
entropy T*S EENTRO = -0.00000000
eigenvalues EBANDS = -21.25334570
atomic energy EATOM = 229.23716772
---------------------------------------------------
HF-free energy TOTEN = -25.11173175 eV
exchange ACFDT corr. = -0.00000000 see jH, gK, PRB 81, 115126
HF+correlation energy = -36.73420527
HF+E_corr(extrapolated)= -37.47465027

diagrammatic approximations of correlation energy (eV)
-----------------------------------------------------
direct MP2 EDMP2 = -19.23420344
random phase ERPA = -12.36291852
GW Galitskii-Migdal EGWGM = 0.00000000
-----------------------------------------------------

“Extrapolated to infinite
basis set limit”

Without extrapolation



RPA: important INCAR tags

• ALGO

• NOMEGA
• PRECFOCK
• NTAUPAR
• NOMEGAPAR
• MAXMEM

• NBANDS
• NBANDSEXACT

• ENCUTGW

Visit our WIKI!

Especially the parts on:
Cubic scaling RPA calculations

https://www.vasp.at/wiki/index.php
https://www.vasp.at/wiki/wiki/index.php/Low_scaling_ACFDT/RPA_and_GW_algorithms


Cubic-Scaling GW
P. Liu, M. Kaltak, J. Klimeš, and G. Kresse, PRB 94, 165109 (2016)

G0(i⌧)

<latexit sha1_base64="0F/8U/msdwqL5vXL4USdUJ/zIck=">AAACHHicbZDLahtBEEV7HMeR5cRRnKU3TYTA2YgZY4izM2QRL2WwbIFGiJqeGqtRP4buGgcx6DOyVX4mu5BtIP/iRVoPgx+50HC4VUVV36xU0lMc/422Xmy/3HnV2G3uvX6z/7b17uDK28oJ7AurrBtk4FFJg32SpHBQOgSdKbzOpl+W9etbdF5ac0mzEkcabowspAAK1vDrOOZHMiWoPo5b7bgbr8SfQ7KBNtuoN27dpbkVlUZDQoH3wyQuaVSDIykUzptp5bEEMYUbHAY0oNGP6tXJc94JTs4L68IzxFfuw4katPcznYVODTTxT2tL83+1YUXF6aiWpqwIjVgvKirFyfLl/3kuHQpSswAgnAy3cjEBB4JCSs1O6tDgN2G1BpPXaQFaqlmOBVSK5nXqi3sOcSVPw3kOV8fd5KT7+eKkfXa8Ca7BDtkHdsQS9omdsXPWY30mmGXf2YL9iBbRz+hX9HvduhVtZt6zR4r+/APZtaKE</latexit>

�0(i⌧)

<latexit sha1_base64="r1YVGwknZ6xN8WiiLu3/cE7qmto=">AAACH3icbZBLSwMxFIUzvq2vqks3wSLopsyIoO4ENy4VrAqdWu5k7thgkhmSO0oZ+j/c6p9xJ279Ly5MawVfBwIf59xLLicplHQUhm/BxOTU9Mzs3HxtYXFpeaW+unbh8tIKbIlc5fYqAYdKGmyRJIVXhUXQicLL5PZ4mF/eoXUyN+fUL7Cj4cbITAogb13Hoie7Id+WMUG50603wmY4Ev8L0RgabKzTbv09TnNRajQkFDjXjsKCOhVYkkLhoBaXDgsQt3CDbY8GNLpONbp6wLe8k/Ist/4Z4iP3+0YF2rm+TvykBuq539nQ/C9rl5QddCppipLQiM+PslJxyvmwAp5Ki4JU3wMIK/2tXPTAgiBfVG0rtmjwXuRag0mrOAMtVT/FDEpFgyp22Rf7uqLf5fyFi91mtNc8PNtrHO2Oi5tjG2yTbbOI7bMjdsJOWYsJZtkDe2RPwWPwHLwEr5+jE8F4Z539UPD2AYEIo+s=</latexit>

�0(i!)

<latexit sha1_base64="VxZaRVEB/0R1WxmFBBFWDoQfdRY=">AAACI3icbZA7SwNBFIVnfRtfq5Y2g0HQJuxKQO0EG0sFo0I2hLuzd5PBeSwzs0pY8k9s9c/YiY2F/8TCSYzg68DAxzn3MpeTFoJbF0WvwdT0zOzc/MJibWl5ZXUtXN+4tLo0DFtMC22uU7AouMKW407gdWEQZCrwKr05GeVXt2gs1+rCDQrsSOgpnnMGzlvdMExYn3cjussTLbEHe92wHjWisehfiCdQJxOddcP3JNOslKgcE2BtO44K16nAOM4EDmtJabEAdgM9bHtUINF2qvHlQ7rjnYzm2vinHB273zcqkNYOZOonJbi+/Z2NzP+ydunyw07FVVE6VOzzo7wU1Gk6qoFm3CBzYuABmOH+Vsr6YIA5X1ZtJzGo8I5pKUFlVZKD5GKQYQ6lcMMqsfkX+7ri3+X8hcv9RtxsHJ0368f7k+IWyBbZJrskJgfkmJySM9IijNySe/JAHoOH4Cl4Dl4+R6eCyc4m+aHg7QOTNqTv</latexit>

W (i!)

<latexit sha1_base64="J936UEzwywDiNJwYYd5RncUz0Ls=">AAACHHicbZDLSgNBEEV7fBtfUZduGkNAN2EmCOpOcONSwRghE0JNT01s0o+hu0cJQz7Drf6MO3Er+C8u7MQIvi40HG5VUdU3yQW3LgzfgpnZufmFxaXlysrq2vpGdXPryurCMGwxLbS5TsCi4ApbjjuB17lBkInAdjI4Hdfbt2gs1+rSDXPsSugrnnEGzludNt3jsZbYh/1etRY2wonoX4imUCNTnfeq73GqWSFROSbA2k4U5q5bgnGcCRxV4sJiDmwAfex4VCDRdsvJySNa905KM238U45O3O8TJUhrhzLxnRLcjf1dG5v/1TqFy466JVd54VCxz0VZIajTdPx/mnKDzImhB2CG+1spuwEDzPmUKvXYoMI7pqUElZZxBpKLYYoZFMKNythmX+zjin6H8xeumo3ooHF8cVA7aU6DWyI7ZJfskYgckhNyRs5JizCiyT15II/BQ/AUPAcvn60zwXRmm/xQ8PoBRtGixA==</latexit>

W (i⌧)

<latexit sha1_base64="vCCyz+tsW8TJjS7BlpHV4u2iI8I=">AAACGnicbZBNSwMxEIazflu/qh69BIugl7IrgnoTvHhUsFbpFpnNzmowyS7JrFKW/gqv+me8iVcv/hcPprWCXy8EHt6ZYSZvUijpKAzfgrHxicmp6ZnZ2tz8wuJSfXnlzOWlFdgSucrteQIOlTTYIkkKzwuLoBOF7eTmcFBv36J1Mjen1Cuwq+HKyEwKIG9dtPmmjAnKrct6I2yGQ/G/EI2gwUY6vqy/x2kuSo2GhALnOlFYULcCS1Io7Nfi0mEB4gausOPRgEbXrYYH9/mGd1Ke5dY/Q3zofp+oQDvX04nv1EDX7ndtYP5X65SU7XUraYqS0IjPRVmpOOV88HueSouCVM8DCCv9rVxcgwVBPqPaRmzR4J3ItQaTVnEGWqpeihmUivpV7LIv9nFFv8P5C2fbzWinuX+y0zjYHgU3w9bYOttkEdtlB+yIHbMWE0yze/bAHoOH4Cl4Dl4+W8eC0cwq+6Hg9QO1MaHx</latexit>

⌃(i⌧)

<latexit sha1_base64="qmQbQCdBzO4pdJ/yti303jcyWtQ=">AAACH3icbZBLSwMxFIUzvq2vqks3wSLopsyIoO4ENy4VrQqdKncyd2owyQzJHaUM/R9u9c+4E7f+FxemtYKvA4GPc+4ll5MUSjoKw7dgbHxicmp6ZrY2N7+wuFRfXjl3eWkFtkSucnuZgEMlDbZIksLLwiLoROFFcns4yC/u0DqZmzPqFdjR0DUykwLIW1fxqexq4JsyJii3ruuNsBkOxf9CNIIGG+n4uv4ep7koNRoSCpxrR2FBnQosSaGwX4tLhwWIW+hi26MBja5TDa/u8w3vpDzLrX+G+ND9vlGBdq6nEz+pgW7c72xg/pe1S8r2OpU0RUloxOdHWak45XxQAU+lRUGq5wGElf5WLm7AgiBfVG0jtmjwXuRag0mrOAMtVS/FDEpF/Sp22Rf7uqLf5fyF8+1mtNPcP9lpHGyPiptha2ydbbKI7bIDdsSOWYsJZtkDe2RPwWPwHLwEr5+jY8FoZ5X9UPD2Ac+JpBk=</latexit>

⌃(i!)

<latexit sha1_base64="i8pVg44KfMGaaHMHEbBrAn0W0bw=">AAACI3icbZA7SwNBFIVnfRtfq5Y2g0HQJuxKQO0EG0tFo0I2hLuzd+PgPJaZWSUs+Se2+mfsxMbCf2LhJEbwdWDg45x7mctJC8Gti6LXYGJyanpmdm6+trC4tLwSrq5dWF0ahi2mhTZXKVgUXGHLcSfwqjAIMhV4md4cDfPLWzSWa3Xu+gV2JPQUzzkD561uGCZnvCeBbvNES+zBTjesR41oJPoX4jHUyVgn3fA9yTQrJSrHBFjbjqPCdSowjjOBg1pSWiyA3UAP2x4VSLSdanT5gG55J6O5Nv4pR0fu940KpLV9mfpJCe7a/s6G5n9Zu3T5fqfiqigdKvb5UV4K6jQd1kAzbpA50fcAzHB/K2XXYIA5X1ZtKzGo8I5pKUFlVZKD5KKfYQ6lcIMqsfkX+7ri3+X8hYvdRtxsHJw264e74+LmyAbZJNskJnvkkByTE9IijNySe/JAHoOH4Cl4Dl4+RyeC8c46+aHg7QPiE6Ud</latexit>

⌃(!)

<latexit sha1_base64="D5JUFEzjPRNPOLvxU4tWczA2CP8=">AAACInicbZBLSwMxFIUzPmt9VV26CRZBN2VGCupOcONS0arQKeVO5k4N5jEkGaUM/SVu659xJ64Ef4oL01rB14HAxzn3kstJcsGtC8PXYGp6ZnZuvrJQXVxaXlmtra1fWl0Yhi2mhTbXCVgUXGHLcSfwOjcIMhF4ldwej/KrOzSWa3Xh+jl2JPQUzzgD561ubTU+5z0JdCfWEnuw263Vw0Y4Fv0L0QTqZKLTbu09TjUrJCrHBFjbjsLcdUowjjOBg2pcWMyB3UIP2x4VSLSdcnz4gG57J6WZNv4pR8fu940SpLV9mfhJCe7G/s5G5n9Zu3DZQafkKi8cKvb5UVYI6jQdtUBTbpA50fcAzHB/K2U3YIA531V1Ozao8J5pKUGlZZyB5KKfYgaFcIMyttkX+7qi3+X8hcu9RtRsHJ4160d7k+IqZJNskR0SkX1yRE7IKWkRRgryQIbkMRgGT8Fz8PI5OhVMdjbIDwVvHwb4pKo=</latexit>

G(i!)

<latexit sha1_base64="GjblSusOK818FPGPJuX3X5MhbyU=">AAACG3icbZDLSgNBEEV7fMb4irp0MxgCugkzElB3ARe6jGBUzIRQ01MTG/sxdPcoYchfuI0/407cuvBfXNiJEXxdaDjcqqKqb5xxZmwQvHkzs3PzC4ulpfLyyuraemVj88KoXFNsU8WVvorBIGcS25ZZjleZRhAxx8v49nhcv7xDbZiS53aQYVdAX7KUUbDOuj7ZZZES2Ie9XqUa1IOJ/L8QTqFKpmr1Ku9RomguUFrKwZhOGGS2W4C2jHIclqPcYAb0FvrYcShBoOkWk4uHfs05iZ8q7Z60/sT9PlGAMGYgYtcpwN6Y37Wx+V+tk9v0sFswmeUWJf1clObct8off99PmEZq+cABUM3crT69AQ3UupDKtUijxHuqhACZFFEKgvFBgink3A6LyKRf7OIKf4fzFy7262GjfnTWqDb3p8GVyDbZIbskJAekSU5Ji7QJJZI8kBF59Ebek/fsvXy2znjTmS3yQ97rB877ooo=</latexit>

� = �GG

<latexit sha1_base64="3WVnXIguqtGLGgDjbEr/xK15Qf4=">AAACHHicbZDLSgNBEEV7fMb4irp00xgEN4YZCagLQXARlwpGhUyQmp4a09iPobtHCUM+w63+jDtxK/gvLuzECL4uNBxuVVHVN8kFty4M34KJyanpmdnKXHV+YXFpubayem51YRi2mRbaXCZgUXCFbcedwMvcIMhE4EVyczSsX9yisVyrM9fPsSvhWvGMM3De6sSsx+kB3aat1lWtHjbCkehfiMZQJ2OdXNXe41SzQqJyTIC1nSjMXbcE4zgTOKjGhcUc2A1cY8ejAom2W45OHtBN76Q008Y/5ejI/T5RgrS2LxPfKcH17O/a0Pyv1ilcttctucoLh4p9LsoKQZ2mw//TlBtkTvQ9ADPc30pZDwww51OqbsYGFd4xLSWotIwzkFz0U8ygEG5Qxjb7Yh9X9Ducv3C+04iajf3TZv1wZxxchayTDbJFIrJLDskxOSFtwogm9+SBPAYPwVPwHLx8tk4E45k18kPB6wciJaIW</latexit>

W =
⌫

1� �⌫

<latexit sha1_base64="5I2dI5qaZhSO+856Rpf6f0FkJ2A="></latexit>

⌃ = GW

<latexit sha1_base64="bxFwPDPLQJI0oVkUfIV6IbGIRe8=">AAACGnicbZBNS8NAEIY3ftb6VfXoJVgETyUpgnoQCh70WNHaSlNkspm0i7ubsLtRSuiv8Fr/jDfx6sX/4sHth6DWFxYe3plhZt8w5Uwbz/tw5uYXFpeWCyvF1bX1jc3S1vaNTjJFsUETnqhWCBo5k9gwzHBspQpBhByb4f3ZqN58QKVZIq9NP8WOgK5kMaNgrHUbXLGugNPz5l2p7FW8sdxZ8KdQJlPV70qfQZTQTKA0lIPWbd9LTScHZRjlOCgGmcYU6D10sW1RgkDdyccHD9x960RunCj7pHHH7s+JHITWfRHaTgGmp//WRuZ/tXZm4uNOzmSaGZR0sijOuGsSd/R7N2IKqeF9C0AVs7e6tAcKqLEZFfcDhRIfaSIEyCgPYhCM9yOMIeNmkAc6/mYbl/83nFm4qVb8w8rJ5WG5Vp0GVyC7ZI8cEJ8ckRq5IHXSIJQI8kSG5NkZOi/Oq/M2aZ1zpjM75Jec9y8/7KJC</latexit>
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<latexit sha1_base64="8rm3w/f2WDkxkiGXr7ytuMIOsD8="></latexit>

CT

CT

CT+ST

analytic
continuation EQP

nk

<latexit sha1_base64="7uie9F+pjMuYOfZt3I7UEfJjxSI=">AAACKHicbZBLSwMxFIUzvq2vqrhyEyyCqzIjgroTRHBZwarQqeVO5o6GJpkhySglzI9xq3/Gnbj1d7gwrRV8HQh8nHMvuZykENzYMHwNJianpmdm5+ZrC4tLyyv11bULk5eaYZvlItdXCRgUXGHbcivwqtAIMhF4mfSPh/nlHWrDc3VuBwV2JdwonnEG1lu9+sbJtYu1pGetqueUi5OM9quqV2+EzXAk+heiMTTIWK1e/T1Oc1ZKVJYJMKYThYXtOtCWM4FVLS4NFsD6cIMdjwokmq4bnV/Rbe+kNMu1f8rSkft9w4E0ZiATPynB3prf2dD8L+uUNjvoOq6K0qJinx9lpaA2p8MuaMo1MisGHoBp7m+l7BY0MOsbq23HGhXes1xKUKmLM5BcDFLMoBS2crHJvtjXFf0u5y9c7Dajvebh2V7jaHdc3BzZJFtkh0RknxyRU9IibcKIIw/kkTwFj8Fz8BK8fo5OBOOddfJDwdsH5Gmnxg==</latexit>

Solve
QP-equation



• Minimax grids:
M. Kaltak, J. Klimeš, and G. Kresse, JCTC 10, 2498 (2014); PRB 90, 054115 (2014).

• Cubic-scaling RPA total energies (ACFDT):
M. Kaltak, J. Klimeš, and G. Kresse, PRB 90, 054115 (2014).

• Cubic-scaling RPA quasi-particles (GW):
P. Liu, M. Kaltak, J. Klimeš, and G. Kresse, PRB 94, 15109 (2016).

• Finite temperature grids (!):
M. Kaltak and G. Kresse, PRB 101, 205145 (2020)

Dr. Merzuk Kaltak
(VASP Software GmbH)



@E

@R
= h |@H

@R
| i+ h @ 

@R
|H| i+ h |H| @ 

@R
i

Non-Hellmann-Feynman!
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Hellmann-Feynman theorem: when the orbitals are eigenstates of the Hamiltonian,
the second and third terms on the RHS are zero.

In the RPA we need to consider ”non-Hellmann-Feynman” contributions!

These take the following form:
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“from linear response”

Forces in the RPA



(Diamond 8 atom super cell)

A test: ”RPA forces” (lines) vs. energy derivatives from finite differences (symbols): 

Forces in the RPA



Diamond (128 atom super cell)

Graphite (128 atom super cell)



Summary

• Beyond DFT: the RPA
• Well balanced description of all bond types (metallic, covalent, ionic, vdW)
• Unfortunately energy differences can still not be predicted with chemical accuracy
• But at the moment the optimal balance between accuracy and computational effort

• Cubic-Scaling RPA
• Both for total energies as well as for quasi-particles
• Minimax frequency and time grids
• Near future: finite temperature RPA

• Forces in the RPA



The End

Thank you for your attention!


