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On Estimating the Largest Eigenvalue
With the Lanczos Algorithm*

By B. N. Parlett, H. Simon and L. M. Stringer

Abstract. The Lanczos algorithm applied to a positive definite matrix produces good
approximations to the eigenvalues at the extreme ends of the spectrum after a few iterations.
In this note we utilize this behavior and develop a simple algorithm which computes the
largest eigenvalue. The algorithm is especially economical if the order of the matrix is large
and the accuracy requirements are low. The phenomenon of misconvergence is discussed.
Some simple extensions of the algorithm are also indicated. Finally, some numerical
examples and a comparison with the power method are given.

1. Introduction. Let 4 be a positive definite matrix of order n with eigenvalues
0< A <A <:-- <A,
For some applications a rough approximation to A, ie., the spectral norm of 4, is
all that is wanted, for others a rough approximation to A,/A,, ie., the condition
number of A. At the other extreme are nuclear engineers, who often want a good
approximation to A,, 6 significant decimals at least and the eigenvector as well.

In [1] O’Leary, Stewart, and Vandergraft consider the power method and the
associated sequence of Rayleigh quotients p,, pj, p3, - . . . They point out that the
often miserable asymptotic convergence rate of the p, is irrelevant unless it is
necessary to have

}\n — P 2
X,,-——?-\:.__. < 10 (say).
They show that even for the nastiest distribution of A, for a 1000 by 1000 matrix we
can expect to have p, with one correct decimal after 21 steps.

These observations are interesting, but it does not follow that the power method
is the appropriate algorithm for rough approximations to A,- We should add that {1]
does not claim that the power method is the preferred algorithm although an eager
reader might well draw that conclusion.

Here are some points we wish to make.

1. If the user is only interested in the rough order of magnitude of A,, then the
appropriate action is to compute max; a; and ||4]];, the maximum column sum.
This yields a lower bound and an upper bound with no multiplications. If 4 is
large and sparse, then ||4]},/A, cannot get close to its upper bound Vn . A better
estimate of the ratio is Vm , where m is the average number of nonzero elements
per row.
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If it is not convenient to access the elements of A4, then the techniques described
below should be considered. If something better than an order of magnitude
estimate of A, is wanted, then these techniques should definitely be considered. For
interactive or hand held computation the power method with Rayleigh quotients,
as in[1}], may be preferable to our Lanczos algorithm when only one digit in ||4]| is
wanted.

2. The choice of tolerance on the error, which is often delegated to the user, is
not a trivial matter. If the user says he wants only one correct decimal and
A, = 10°, then he must be content with any answer exceeding 950. Are all such
high eigenvalues indistinguishable for his purposes? He may, on reflection, wish to
change his tolerance.

Sometimes users do want an approximation p which is closer to A, than to A, _,,
but not by much, say (A, — #)/(p — A,_;) < 1/10, unless A, _, is very close to A,
say A, — A,_)/A, < 107, This is, of course, a more difficult specification to meet.
These points are pursued further in Section 6. In our opinion the required
accuracy should increase linearly with n.

3. In [1} the authors focussed on the eigenvalue distribution which causes the
slowest convergence of the Rayleigh quotients p,. In practice, as those who have
used the power method are painfully aware, the most troublesome distributions are
quite different. A difficulty which afflicts both the power method and the Lanczos
algorithm is misconvergence. Consider the following values: A, = 1000, A,,_, = 985,
A_2=983, A, _5=981A,_,=955,....It happens, not infrequently, that the p,
converge quite nicely to 985 and settle down there for several steps. After a while
the p, will start to increase again noticeably and soon converge to the correct value
of 1000. .

An impatient criterion for termination will mistake the pause at 985 for conver-
gence to that value. On the other hand a cautious algorithm will be inefficient in
timing comparisons. This topic is pursued further in Sections 2 and 6. It would be
interesting to quantify the trade-off. As so often occurs in numerical analysis, the
real difficulty is the criterion for stopping.

4. The authors in [1] mention that the Lanczos algorithm is more powerful than
the power method but suggest that to invoke it to obtain a one-decimal approxima-
tion to A, is overkill.

It is true that Lanczos codes are usually designed to find several eigenvalue /vec-
tor pairs, and the reliable ones are rather cumbersome. However, because of its
power the Lanczos algorithm ‘

() uses almost the minimum number of matrix-vector multiplications, whatever

the required accuracy;

(i) can cope with misconvergence much more adroitly than can the power

method.
For this special problem several features of general Lanczos codes can be dis-
carded, and the stripped down version is quite short; see (2.4). Both Lanczos and
the power method require about the same amount of working storage: 2 n-vectors
plus some extra cells. Last, but not least, the Lanczos code is well suited to either
high or low accuracy calculations.

A separate short program can use the output of the main one to compute the
associated eigenvector when that is required.



ESTIMATING THE LARGEST EIGENVALUE

The aim of this paper is to present our algorithm and to show how it and the
power method perform on a variety of eigenvalue distributions. The phenomenon
of misconvergence is explored in the process. A simple modification of our
program Yyields increasingly good approximations to A, /A,.

2. The Lanczos Process. The simple Lanczos algorithm for a symmetric n X n

matrix A computes a sequence of Lanczos vectors v,, v,, v, . . . as follows:
1: choose an arbitrary v, [jv,f] = 1
2: u; = Av;
3: forj=12,... do
T,
a; = u'vy,
(2'1) r.j = uj—j o0,
J 7 J
B =lirll
4 =r/B

One pass through step 3 is a Lanczos step. These equations can be condensed in
matrix form as

where V; = (0,0,  ,1),¢" =(0,0,0,...,1)and
| o B 0
B « B, * ¢
.= . . . . .
* ° .B,-—z o1 By
: 0 B o

The algorithm terminates if B; = 0, and this will happen for some j < n in exact
arithmetic. The eigenvalues of the tridiagonal matrix T, also called the Ritz values,
are the Rayleigh-Ritz approximations to eigenvalues of 4 from the subspace
spanned by the vectors v, v,, . . ., v;. More details on the Lanczos process can be
found in [2].

Let 3, be the largest eigenvalue of T,

Usually the extreme Ritz values are, even for j ~2Vn , good approximations to
the corresponding eigenvalues of 4. We therefore propose the following strategy
for finding A,,:

forj=1,2,3,... do
1.1:  take a Lanczos step
(29 1.2: compute a narrow interval which contains 0!

1.3:  compute a bound on |4, — A|
1.4: if the bound is small enough then stop.
The details of 1.2, 1.3, and 1.4 will be discussed in the following sections.



§i(x)=a;—x, x+Fa,

G.n 8(x) =a, — x — B /8 _\(x) k=23,.

’

if §;(x) = O then change x slightly and start again _

.

The function 8,(x) is a (j,j — 1) rational function, whose j zeros are the eigenval-
ues of 7; and whose j — 1 poles are the eigenvalues of T,_,. Between its poles 8,(x)
is monotonically decreasing with a slope less than —1 provided (3.2) holds.

From the previous step we have a satisfactory approximation to 7 = 3;_), the
largest pole of 8,(x). Our algorithm is based on the following notion: On the
interval (%;_y, o0) the function 8,(x) can be adequately approximated by 2.1
rationals of the form

(32) ({ — x)("‘ - X)

(r — %) (b <7 <%),



