On Estimating the Largest Eigenvalue
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By B. N. Parlett, H. Simon and L. M. Stringer

Abstract. The Lanczos algorithm applied to a positive definite matrix produces good
approximations to the eigenvalues at the extreme ends of the spectrum after a few iterations.
In this note we utilize this behavior and develop a simple algorithm which computes the
largest eigenvalue. The algorithm is especially economical if the order of the matrix is large
and the accuracy requirements are low. The phenomenon of misconvergence is discussed.
Some simple extensions of the algorithm are also indicated. Finally, some numerical
examples and a comparison with the power method are given.

1. Introduction. Let 4 be a positive definite matrix of order n with eigenvalues
0< A <A <:-- <A,
For some applications a rough approximation to A, ie., the spectral norm of 4, is
all that is wanted, for others a rough approximation to A,/A,, ie., the condition
number of A. At the other extreme are nuclear engineers, who often want a good
approximation to A,, 6 significant decimals at least and the eigenvector as well.

In [1] O’Leary, Stewart, and Vandergraft consider the power method and the
associated sequence of Rayleigh quotients p,, pj, p3, - . . . They point out that the
often miserable asymptotic convergence rate of the p, is irrelevant unless it is
necessary to have

}\n — P 2
X,,-——?-\:.__. < 10 (say).
They show that even for the nastiest distribution of A, for a 1000 by 1000 matrix we
can expect to have p, with one correct decimal after 21 steps.

These observations are interesting, but it does not follow that the power method
is the appropriate algorithm for rough approximations to A,- We should add that {1]
does not claim that the power method is the preferred algorithm although an eager
reader might well draw that conclusion.

Here are some points we wish to make.

1. If the user is only interested in the rough order of magnitude of A,, then the
appropriate action is to compute max; a; and ||4]];, the maximum column sum.
This yields a lower bound and an upper bound with no multiplications. If 4 is
large and sparse, then ||4]},/A, cannot get close to its upper bound Vn . A better
estimate of the ratio is Vm , where m is the average number of nonzero elements
per row.
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